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The non-Fermi-liquid (NFL) behavior observed in
strongly correlated Fermi systems such as high-temper-





He is actively investigated
[1–4]. Of particular interest is the transition from the
non-Fermi-liquid behavior to the state of the Landau
Fermi liquid, which occurs in the magnetic field and is
observed in heavy fermion metals [5, 6]. It is assumed
that the extraordinary properties and non-Fermi-liquid
behavior observed in HTSCs and heavy fermion metals
are determined by the Kondo states, as well as by the
critical quantum and thermal fluctuations, which
destroy quasiparticles and occur near various magnetic
quantum-phase transitions [1–4].





 = 0, the controlling parameters are the compo-









, etc. The critical point of such a phase
transition is shifted to the absolute zero temperature by
means of the above parameters. The experimental
investigations of the properties of the quantum-phase
transition and their magnetic critical points are funda-
mentally important for an understanding of the physical
nature of high-temperature superconductivity and the
anomalous behavior of heavy fermion metals. Such
investigations for high-temperature superconductivity
are absent, because the corresponding critical points at
low temperatures are in the superconductivity region
and the physical properties of the quantum-phase tran-
sition are changed by the superconductivity; the
destruction of superconductivity requires strong mag-
netic fields. Recent investigations of the induction of
the transition from the non-Fermi-liquid state to the















[7] fill the gap in the experiments and make it possible
to determine the properties of the quantum-phase tran-
sition specifying the unique properties of the HTSP.









of the HTSCs and heavy fermion metals are the same
although their microscopic natures are different. Anal-
ysis of the experimental data on the recovery of the















[7] shows that the magnetic-field-induced transition
from the non-Fermi-liquid state to the Landau Fermi
liquid one coincides with a similar transition observed
in the heavy fermion metals. This behavior is explained
in the theory of the Fermi condensate quantum-phase
transition implying the existence of modified Landau
quasiparticles whose effective mass depends on the
temperature, magnetic field, and other parameters [8–
11]. Thus, the Fermi condensate quantum-phase transi-
tion can be considered a universal cause of the strongly
correlated behavior observed in various metals and liq-
uids. We also predict that the superconducting phase
transition in the HTSCs at low temperatures and in
magnetic fields becomes a first-order phase transition,
and the differential tunneling conductivity, which is an
asymmetric function of the voltage at the non-Fermi-
liquid behavior, becomes a symmetric function when
the Landau Fermi liquid state is recovered.
To avoid difficulties associated with the anisotropy
generated by the crystal lattice of solids, its specificity,
irregularities, etc., we use a model of the homogeneous
heavy electron (fermion) liquid for studying the univer-
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It has been shown that the magnetic-field-induced transition from a non-Fermi-liquid state to a Fermi liquid














 high-temperature superconductor is similar to a transition observed in heavy fermion
metals. This behavior is explained in the theory of the Fermi condensate quantum-phase transition implying the
existence of Landau quasiparticles. The Fermi condensate quantum-phase transition can be considered as a uni-
versal cause of the strongly correlated behavior observed in various metals and liquids such as high-temperature
superconductors, heavy fermion metals, and two-dimensional Fermi systems.
























sal behavior of the electron systems of the HTSCs,
heavy fermion metals, and quasi-two-dimensional
Fermi systems at low temperatures [11].









































the quasiparticle distribution function. The spin depen-
























































































 are constants [11]. According to


















 undergoes the Fermi condensate quantum-










, rearranges the topology of the Fermi surface and
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 is the chemical potential [8–11, 13, 14]. As a















, and the Fermi surface
transforms to the Fermi volume as seen in Fig. 1. Note
that the state with the Fermi condensate is specified by









; therefore, the electron systems with
the Fermi condensate and usual pairing interaction are
















is the dimensionless magnitude of the pairing interac-
tion. This feature of such systems provides conditions
for the formation of a high-temperature superconduc-
tivity [8, 9, 11].








) in magnetic fields is
rearranged. To determine the type of the rearrangement
of the state with the Fermi condensate, simple energy
reasoning is sufficient. On one hand, the energy benefit
∆EB due to the destruction of the state with the Fermi
condensate is ∆EB ∝ B2 and approaches zero at B 
0. On the other hand, covering a finite interval pf – pi  in
the momentum space, the function n(p) leads to a finite
benefit in the ground-state energy as compared to the
normal Fermi liquid. A new ground state without a
Fermi condensate in weak magnetic fields should have
almost the same energy as the state with the Fermi con-
densate. Such a state is formed by onion-like multiply-
connected Fermi spheres, where the smooth function
n(p) in the region pf – pi  is replaced by the distribution
ν(p) with κ(p) = 0, which is shown in Fig. 2 [11, 14,
15].
The effective mass M*(B) in the magnetic field B
diverges as M*(B) ∝ 1/  [11, 15]. Here, Bc0 is
the critical magnetic field at which a heavy fermion
metal is at the quantum critical point tuned by the mag-
netic field and the corresponding Néel temperature is
TN(Bc0) = 0. In our simple model of the heavy electron
n p( ) 1 n p( )–( )
B Bc0–
Fig. 1. Distribution function n(p) and single-particle spec-
trum ε(p) of the Fermi system with the Fermi condensate.
Since n(p) is a solution of Eq. (3), then 0 < n(pi < p < pf) <
1 and ε(pi < p < pf) = µ. The Fermi momentum pF satisfies
the condition pi < pF < pf.
Fig. 2. Function ν(p) for the multiply-connected distribu-
tion changing the function n(p) in the region pf – pi  filled
with the Fermi condensate. The outer Fermi surface at p 
p2n  pf has the form of the Fermi step and the system
behaves as the Landau Fermi liquid.
pF
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liquid with the Fermi condensate, Bc0 is a parameter
determined by the specificity of a particular heavy fer-
mion metal. The system with the Fermi condensate
placed in the magnetic field B > Bc0 can return to the
Landau Fermi liquid state with M*(B), which depends
on the magnetic field. This means that the dependences
C/T = γ0(B) ∝ M*(B) for the specific heat and χ(B) ∝
M*(B) for the magnetic susceptibility, which are char-
acteristic of the Landau Fermi liquid, are recovered.
The quadratic temperature dependence of the resistivity
is also recovered: ρ(T) ∝ AT2. The coefficient A(B)
determines the temperature-dependent resistivity part
ρ(T) = ρ0 + ∆ρ, where ρ0 is the residual resistivity and
∆ρ = A(B)T2. Since this coefficient is directly deter-
mined by the effective mass [16], A(B) ∝ (M*(B))2,
(4)
where A0 and D are constants. Note that the Kadowaki–
Woods empirical relation [17], K = A/  = const, is
valid in our case [11].
The temperature dependence of M*(B, T, x) is
described by the approximate solution of Landau equa-
tion (1):
(5)
Here, (TN) is the normalized effective mass,  is
the maximum value of M*(B, T, x), which is reached at
T = Tmax, the normalized temperature TN is given by the
expression TN = T/Tmax, c0 = (1 + c2)/(1 + c1), and c1 and
c2 are the constants parameterizing the dipole Landau
amplitude and are determined by fitting the experimen-
tal data. Equation (5) is consistent with the numerical
solutions of Landau equation (1) and determines the
universal behavior of the normalized effective mass
(TN) of the strongly correlated Fermi liquid in the
transition from the Landau Fermi liquid state to the
non-Fermi liquid one [11, 18–20]. This behavior is
determined by the dimensionless quantities indicated
above, because the system near the Fermi condensate
quantum-phase transition has no external characteristic
scales for measuring T and M*. According to Eq. (5),
 has three regimes shown in the inset in Fig. 3. The
system at TN  1 behaves as the Landau Fermi liquid.
At TN ~ 1, the transition regime shown as the shaded
region begins: (TN) increases, reaches a maximum
 = 1 at TN = 1, and then begins to decrease. The
traces of the Landau Fermi liquid disappear at TN  1,
when  decreases first as  and then as .
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The magnetic field enters into Eq. (1) through the
ratio µBB/T; hence, the temperature
(6)
is the characteristic temperature of the transition from
the Landau Fermi liquid state to the non-Fermi-liquid
state. Here, a1 and a2 are constants and µB is the Bohr
magnitude. Note that the transition temperature T*(B)
does not specify any phase transition; for this reason, it
is associated with a quite wide temperature range
shown as the shaded region in Fig. 3b and depends
strongly on the determination method. The transition
temperature T*(B) is usually determined from the mea-
surements of the resistivity ρ(T) and corresponds to the
point at which the resistivity begins to deviate from the
T2 dependence characteristic of the Landau Fermi
liquid.
The experimental values of the normalized effective
mass  are shown in Fig. 3, where the solid line is the
T* B( ) a1 a2B  Tmax µB B Bc0–( )∼+=
MN*
Fig. 3. (a) The normalized mass versus the normalized tem-
perature according to the data extracted from the measure-
ments in the magnetic fields B: the specific heat C and AC
magnetic susceptibility on YbRh2(Si0.95Ge0.05)2 [21, 22],
susceptibility on CeRu2Si2 [23], specific heat on
CePd1 − xRhx at x = 0.80 [24], and entropy S of two-dimen-
sional 3He at density x = 9.00 nm2 [25]. The solid line is the
description by Eq. (5). (b) The universal behavior of the nor-
malized mass. The transition region from the Landau Fermi
liquid behavior to the non-Fermi-liquid behavior is shaded.
3He
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approximation by Eq. (5) [19, 20]. According to this
figure, Eq. (5) well describes the behavior of the mea-
sured effective mass ; this behavior should be dis-
cussed. If the quasiparticles destroyed in the transition
region or in the non-Fermi-liquid state, as assumed in
various scenarios of the non-Fermi-liquid behavior [1–
4], the effective mass  would be meaningless and
would be a function of four variables, rather than
exhibit its universal behavior described by function (5).
Indeed,  must depend on T, B, metal-doping level x,
and the system density, e.g., the density x of two-
dimensional 3He. However, the behavior of the experi-
mental effective mass, which is revealed by means of
the above scaling transformations, indicates that the
Landau quasiparticles and effective mass are real phys-
ical objects in both the Landau Fermi liquid and non-
Fermi-liquid states. Only the strong dependence of the
effective mass on the normalized temperature, i.e., on
the temperature, magnetic field, doping level, system
density, and other external parameters is extraordinary.
Figure 4 shows the transition temperature T*(B)
from the Landau Fermi liquid state to the non-Fermi
liquid one, which is obtained in the measurements on
the Tl2Ba2CuO6 + x HTSC [7]. The inset shows the tem-
peratures Tmax  T*(B) at which the C/T and AC suscep-
tibility have maxima as functions of the magnetic field




YbRh2(Si0.95Ge0.05)2 heavy fermion metal, which is
close to YbRh2Si2 in properties [21, 22]. Both straight
lines shown in the inset at zero temperature pass
through the point Bc0  0.03 T corresponding to the
quantum critical point induced by the magnetic field
[21, 22]. The figure shows that all data are described by
the linear function of the magnetic field according to
Eq. (6).
According to Fig. 4, the critical field Bc2 = 8 T
destroying the superconductivity is close to the critical
field Bc0 = 6 T at which the metal is at the quantum crit-
ical point. This closeness is not accidental, because, as
shown above, the state of the system with the Fermi
condensate is characterized by the superconducting
order parameter κ(p)and, hence, has a large affinity to
the superconductivity [8, 9, 11]. However, as seen in
Fig. 2, the Fermi condensate destroys in the magnetic
fields B > Bc0, the system passes to the Landau Fermi
liquid state, and the superconducting gap becomes
exponentially small at the small coupling constant λ
[26], ∆ ∝ exp – 1/λ, which leads to the destruction of
the superconductivity with a further increase in the
field. Our consideration shows that Bc2 ≥ Bc0; i.e., the
magnetic quantum critical point is inside or at the edge
of the (B, T) region filled with the superconducting
phase. Note that, as seen in Fig. 5, Bc0  Bc2  5 T for
CeCoIn5 [6]; the equality Bc0  Bc2 is also valid for
Fig. 4. (B, T) phase diagram of the Tl2Ba2CuO6 + x HTSC.
The measurements of the transition temperature T*(B) from
the Landau Fermi liquid state to the non-Fermi-liquid state
[7] are shown by squares and circles, and the straight line is
specified by Eq. (6) and separates the Landau Fermi liquid
state (LFL) and non-Fermi liquid one (NFL). The arrows in
the left corner indicate the critical field Bc0 = 6 T and the
critical field Bc2 = 8 T destroying the superconductivity. The
region filled with the superconductivity [7] is separated by
the solid line and is marked as SC. The inset shows Tmax 
T*(B); the measurements of the C/T and AC susceptibility
were performed on YbRh2(Si0.95Ge0.05)2 [21, 22]. The
straight lines plotted according to Eq. (6) intersect at the
point Bc0  0.03 T.
Fig. 5. (B, T) phase diagram of the CeCoIn5 heavy fermion
metal. The interface between the superconducting and nor-
mal phases is shown by the solid line to the square where the
phase transition becomes a first-order phase transition. At
T < T0, the phase transition is a first-order phase transition
[30]; the interface between the superconducting and normal
phases is shown by the dashed line. The solid straight line
specified by Eq. (6) with the experimental points [31]
shown by squares is the interface between the Landau Fermi
liquid (LFL) and non-Fermi-liquid (NFL) states.
Bc0 Bc2
YbRh2(Si0.95Ge0.05)2
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CeCoIn5 – xSnx at x ≤ 0.12 [27]. However, the equality is
invalid in the presence of external pressure, and Bc2 >
Bc0 for CeCoIn5 [28], which is also valid for other
heavy fermion metals, e.g., for CePd2Si2 [29]. Note that
the antiferromagnetic phase in the presence of a weak
pairing interaction rejects the superconductivity and
Bc2 = 0 as in YbRh2Si2 and YbRh2(Si0.95Ge0.05)2 metals,
which do not transit to the superconducting state at
minimum achievable temperatures, and the field Bc0 is
finite [5, 21, 22].
The coincidence of the critical values Bc0  Bc2 leads
to the transformation of the superconducting second-
order phase transition to the first-order phase transition
in magnetic fields close to Bc2 and at T < T0, as shown
in Fig. 5. At relatively high temperatures, when the
phase transition is a second-order phase transition, the
entropy and other thermodynamic functions are contin-
uous functions at the transition temperature Tc(B).
From this continuity condition, we obtain
(7)
where SSC is the entropy of the superconducting phase
and SNFL is the entropy of the system in the non-Fermi-
liquid state. Since SSC(T  0)  0 and SNFL(T 
0) approaches the final value S0 [11], Eq. (7) cannot be
satisfied at sufficiently low temperatures T ≤ T0. There-
fore, the second-order phase transition under consider-
ation becomes a first-order phase transition at T = T0, as
shown in Fig. 5.
A comparison shows that the (B, T) phase diagrams
of Tl2Ba2CuO6 + x and CeCoIn5 shown in Figs. 4 and 5,
respectively, are close to each other; hence, as in
CeCoIn5 [11, 32], the superconducting phase transition
in the HTSC at low temperatures and in strong mag-
netic fields can become a first-order phase transition
and the differential tunneling conductivity, which is an
asymmetric function of the voltage when the system is
in the non-Fermi-liquid regime, becomes a symmetric
function when the Landau Fermi liquid state is recov-
ered [11, 33]. However, the critical fields for
Tl2Ba2CuO6 + x do not coincide, Bc2 > Bc0. For this
region, the melt in the fields B > Bc2 exhibits the Landau
Fermi liquid behavior, term S0 vanishes, and Eq. (7) can
be satisfied at sufficiently low temperatures. This cir-
cumstance can prevent a change in the transition type.
Figure 6 shows the use of Eq. (4) to approximate the
coefficient A(B), which is obtained for (squares)
YbRh2Si2 and (circles) Tl2Ba2CuO6 + x. According to
the figure, both sets of the experimental data are well
reproduced by Eq. (4), which specifies the universal
behavior of A(B) in the Landau Fermi liquid regime. To
clearly demonstrate this behavior, we pass to the
SSC T Tc B( )( ) SNFL T Tc B( )( ),= dimensionless quantities by representing Eq. (4) in theform
(8)
where DN = D/A0Bc0 is the dimensionless constant.
According to Eq. (8), the scaling transformation of the
description of the coefficient A(B) for the
Tl2Ba2CuO6 + x HTSC and YbRh2Si2 heavy fermion
metal reduces to a function of one variable and one
parameter if the corresponding magnetic fields are
measured in the units of Bc0. For YbRh2Si2, Bc0  0.66 T
[5], and Bc0  6 T for Tl2Ba2CuO6 + x, as seen in Fig. 4.
The inset in Fig. 6 shows the data divided by A0 for (cir-
cles) Tl2Ba2CuO6 + x and (squares) YbRh2Si2. The solid
line is the approximation by Eq. (8), which indicates
that the HTSCs and heavy fermion metals exhibit
similar behaviors near the magnetic quantum critical
point Bc0.
To conclude, we have shown that two different
alloys YbRh2Si2 and Tl2Ba2CuO6 + x, which are charac-
terized by different microscopic properties and belong
to different classes of strongly correlated Fermi sys-
tems: HTSCs and heavy fermion metals, have the same
magnetic quantum critical point associated with the
Fermi condensate quantum-phase transition. For this
reason, this transition can be considered as a universal
cause of the strongly correlated behavior observed in
various metals and liquids such as HTSCs, heavy fer-
mion metals, and two-dimensional Fermi systems.
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